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NICE TO MEET YOU!



“Geometry Processing is a subfield of biology”

- Alec Jacobson



ORGANISM HAVE A LIFE CYCLE



SHAPES HAVE A LIFE CYCLE TOO

A shape is born

Stuff happens to the shape

A shape dies

SGI coffee
“Who cares if it’s any good, 

Justin’s paying*!”

*terms and conditions apply
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A shape is born

Stuff happens to the shape

A shape dies

Overwatch - Tracer 3D print model - time-lapse sculpt, by “Printed Obsession”, Youtube
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A shape dies

How devs break bones to make animation feel right, by “Jenna Stoeber (Polygon)”, Youtube
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WHAT YOU’VE SEEN SO FAR

So far, you’ve seen stuff happening to shapes

And so far, shape has meant “triangle mesh”

Reality is much more complicated than that



SHAPE REPRESENTATIONS
Triangle meshes



WHAT’S WRONG WITH MESHES?



REASON 1: NOT EVERY SHAPE IS BORN AS A MESH

A shape is born

Stuff happens to the shape

A shape dies



REASON 1I: “STUFF” CAN BE HARD TO DO ON MESHES

A shape is born

Stuff happens to the shape

A shape dies
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SHAPE REPRESENTATIONS IN 2D



2D’S VERSION OF “SURFACE” IS A CURVE

γ



…HOW DO I STORE A CURVE ON A COMPUTER?

γ?



AN OPTION: FINITE SET OF POINTS

p1 = [0,0]

p2 = [0.322,0.28]

p3 = [0.456,0.420]
p4 = [0.662,0.4435]

p5 = [0.722,0.852]
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AN OPTION: FINITE SET OF POINTS

Easy to store

Connectivity?



SHAPE REPRESENTATIONS
Set of points



SHAPE REPRESENTATIONS
Point cloud



IMPROVING ON A POINT CLOUD

Easy to store

Connectivity?



AN OPTION: POINTS + CONNECTIVITY
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?
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5[0.722,0.852]
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+ + Interpolation rule
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AN OPTION: POLYLINE
1[0,0]

2[0.322,0.28]

3[0.456,0.420]

4[0.662,0.4435]

5[0.722,0.852]

1 ↔ 2

2 ↔ 3

3 ↔ 4

4 ↔ 5

+ + Linear interpolation
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Easy to store and plot

Easy to query

Easy intersections

Differential quantities?

Tangent plane?

Normal vector?

Curvature?
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AN OPTION: POLYLINE

Easy to store and plot

Easy to query

Easy intersections

Differential quantities?

Looks bad!

γ(t) = (cos(t), sin(t)) t ∈ [0,2π)



AN OPTION: POLYLINE

Easy to store and plot

Easy to query

Easy intersections

Differential quantities?

Looks bad! or
Needs many points!
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SHAPE REPRESENTATIONS
Point cloud Points + Connectivity + Piecewise flat interpolation



BEYOND POLYLINES

Easy to store and plot

Easy to query

Easy intersections

Differential quantities?

Looks bad! or
Needs many points!



BEYOND POLYLINES

Differential quantities?

Looks bad! or
Needs many points!



BEYOND POLYLINES

Differential quantities?

Looks bad! or
Needs many points!

Maybe a polynomial?



BEYOND POLYLINES
Best fit degree 4 polynomial

Differential quantities

Looks bad! or
Needs many points!



BEYOND POLYLINES

Differential quantities

Looks bad! or
Needs many points!

Best fit degree 4 polynomial



BEYOND POLYLINES

Differential quantities

Looks bad! or
Needs many points!

Best fit degree 8 polynomial



BEYOND POLYLINES

Differential quantities

Runge’s phenomenon

Best fit degree 8 polynomial

Degree grows indefinitely



BEYOND POLYLINES

Differential quantities?

Looks bad! or
Needs many points!
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BEYOND POLYLINES

Piecewise polynomial?



BEYOND POLYLINES



BEYOND POLYLINES



BEYOND POLYLINES

Piecewise polynomial + consistent derivatives?
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A spline!
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A spline!



SPLINES

5 constraints



SPLINES

Degree 4 spline



SPLINES

Cubic spline



SPLINES

Cubic spline
Catmull-Rom SplineHermite Spline
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Differential quantities?

Looks great
With few points

Easy to query

Easy intersections



SHAPE REPRESENTATIONS
Point cloud Points + Connectivity + Piecewise flat interpolation

Points + Connectivity + Polynomial interpolation



https://replicate.com/yael-vinker/clipasso



EXPLICIT SHAPE REPRESENTATIONS
Point cloud Points + Connectivity + Piecewise flat interpolation

Points + Connectivity + Polynomial interpolation
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f(x, y) = 0
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f(x, y) = max( |x | , |y | ) − 1
Negative values

inside shape

Positive values outside shape

f(x, y) = 0
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IMPLICIT SHAPE REPRESENTATIONS
+

+
+

+
-

f2(x, y) = x2 + y2 − 1



IMPLICIT SHAPE REPRESENTATIONS
funion = min( f1, f2)

-
-

+

+

+

+

+



IMPLICIT SHAPE REPRESENTATIONS
fintersection = max( f1, f2)

-
+

+
+

+
+



IMPLICIT SHAPE REPRESENTATIONS
fsubtraction = max( f1, − f2)

+

+
+

+
+ +



IMPLICIT SHAPE REPRESENTATIONS

+

+
+

+
+ +

Easy boolean operations



IMPLICIT SHAPE REPRESENTATIONS



IMPLICIT SHAPE REPRESENTATIONS
Turn geometry into image



IMPLICIT SHAPE REPRESENTATIONS
Use image processing

instead of geometry processing



IMPLICIT SHAPE REPRESENTATIONS

Use image processing
instead of geometry processing
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IMPLICIT SHAPE REPRESENTATIONS

Use machine learning

+

+
+

+ + +-
Easy boolean operations

…almost everything else



SHAPE REPRESENTATIONS

Point cloud Points + Connectivity + Piecewise flat interpolation

Points + Connectivity + Polynomial interpolationImplicit

+-



+

+
+

+
-

Implicit function



Signed distance function

f(x, y) = 0

+

+ +

+
-



Later today…



SHAPE REPRESENTATIONS IN 2D

Point cloud Points + Connectivity + Piecewise flat interpolation

Points + Connectivity + Polynomial interpolationImplicit

+-
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Same repo as yesterday



WHAT’S THE PLAN NOW?

Now

Later in the day
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WHAT’S THE PLAN NOW?

The boring one

Requires installing stuff

For reference, no need to do it today
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WHAT’S THE PLAN NOW?

The interesting one

It’s meant to be hard!





WHAT TO DO WHEN A TASK IS HARD?



GO!



MESH MATH AND BEYOND
On creating, storing and using geometry



“I was so ahead of the curve, the curve became a sphere”

- Taylor Swift, This is me trying



Option 1: Surface of revolution



Option 2: “The cycle” 



Option 3: “The graph” 



Option 4: “The space filling curve” 



SHAPE REPRESENTATIONS IN 2D

Point cloud Points + Connectivity + Piecewise flat interpolation

Points + Connectivity + Polynomial interpolationImplicit

+-



SHAPE REPRESENTATIONS IN 3D

Point cloud Points + Connectivity + Piecewise flat interpolation

Points + Connectivity + Polynomial interpolationImplicit



Point cloud



Point cloud

Connectivity?



Point cloud

Connectivity?



Point cloud

Why use point clouds at all?



Point cloud

3D scanning
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3D scanning



Point cloud

3D scanning



Point cloud



An autonomous car only sees point clouds
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Your phone only sees point clouds
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Ground surveyors only see point clouds



3D scanning has become increasingly popular

“3D Scanning Applications in Medical field: A Literature-based Review” Haleem et al. 2018 “Review of Laser Scanning Technologies and Applications” Soilán et al. 2019



…always ask yourselves why

Number of US drone strikes
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Point cloud

Main representation for captured geometry

Research questions include:

How to segment a point cloud?

“SqueezeSeg: […]” Wu et al. 2017 CVPR



Point cloud

Main representation for captured geometry

Research questions include:

How to segment a point cloud?

How to convert a point cloud?

“Poisson Surface Reconstruction” Kazhdan et al. 2006 SGP



Point cloud

Main representation for captured geometry

Research questions include:

How to segment a point cloud?

How to convert a point cloud?

How to define operators on a point cloud?



SHAPE REPRESENTATIONS IN 3D

Point cloud Points + Connectivity + Piecewise flat interpolation

Points + Connectivity + Polynomial interpolationImplicit



Points + Connectivity + Piecewise flat interpolation



Mesh

Triangle mesh

Quad mesh
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Mesh

Most common shape representation

Easiest to work with for most applications

Very hard/impossible to capture directly

Digital design or converted point clouds



SHAPE REPRESENTATIONS IN 3D

Point cloud Meshes

Points + Connectivity + Polynomial interpolationImplicit



Points + Connectivity + Piecewise polynomial interpolation



Points + Connectivity + Piecewise polynomial interpolation



Parametric surface



Curved surface



Freeform surface



Surface spline



CAD surface



NURBS
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Parametric surface

Used in discipline that value extreme precision

Industrial machines can fabricate them

Main research questions:

How to do [thing we know how to do on meshes] with parametric surfaces?

Everything else: really complicated





SHAPE REPRESENTATIONS IN 3D

Point cloud Meshes

Parametric surfaceImplicit



Implicit surface

+

+
+

+-f



Implicit surface

f(x, y, z) = x2 + y2 + z2 − 1



Implicit surface

f(x, y, z) = x2 + y2 + z2 − 1
f = 0



Implicit surface



Implicit surface

Use machine learning

Easy boolean operations

…almost everything else
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Implicit surface

Used when fast boolean operations are necessary

Used in machine learning applications

Research questions:

How to render an implicit?

How to deform an implicit?

How to repair an implicit?

?



3D printing uses implicit shapes (even if they don’t want you to know)
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SURFACE REPRESENTATIONS IN 3D

Point cloud Meshes

Parametric surfaceImplicit



VOLUMETRIC REPRESENTATIONS IN 3D



Surface mesh

Triangle mesh

Quad mesh



Volume mesh

Tetrahedral mesh Hexahedral mesh



CURVES IN 3D
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SURFACE REPRESENTATIONS IN 3D

Point cloud Meshes

Parametric surfaceImplicit



CONVERTING BETWEEN REPRESENTATIONS

Point cloud Meshes

Parametric surfaceImplicit



MOST ARE SIMPLE…

Point cloud Meshes
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…SOME REALLY AREN’T!

Point cloud Meshes

Parametric surfaceImplicit
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A SHAPE’S LIFE CYCLE

Point cloud Fine triangle mesh

Coarse triangle mesh

Fabricable triangle mesh
Fabricated object



Artist quad mesh

Triangle mesh

Mesh dilation

Implicit dilation

Implicit surface
Simplified dilation

Cage for collision detection

A SHAPE’S LIFE CYCLE



A SHAPE’S LIFE CYCLE

CT scan (implicit)

Triangle meshStress analysis

Diagnostic

Tetrahedral mesh



TODAY’S LESSON

There are many shape representations, with different advantages and disadvantages

Each representation leads itself to different research questions

We can’t control which representation a shape is in so we need to study all

Developing an intuition in 2D helps to understand 3D
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WHAT’S THE PLAN NOW?

Earlier (and also now)

Now



WHAT’S THE PLAN NOW?

The interesting ones

Read only


